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Quantum correlation between two parties serves as a useful resource in the surging applications of quan-
tum information. The Bell nonlocality and quantum steering have been proposed to describe nonclassical
correlations against local-hidden-variable and local-hidden-state theories, respectively. To characterize
the two types of nonclassical correlations, various nonlocality and steering inequalities have been estab-
lished, and the amount of inequality violation serves as a helpful indicator for many entanglement-based
tasks. Quantum state tomography has been employed for measuring quantum states, while the method
requires intensive computation and does not directly verify either nonlocality or steering over the full
domain independent of established theories. Here, we experimentally map the full-domain correlation
with bipartite states for nonlocality and quantum steering in Clauser-Horne-Shimony-Holt scenarios. The
measurement of the maps automatically accounts for detection imperfections. Furthermore, we demon-
strate the application of the correlation maps in the entanglement-based quantum key distribution protocol
with arbitrary bipartite states. The correlation maps show direct measurements and simple interpretations
that can answer fundamental questions about nonlocality and quantum steering as well as contribute to

quantum information applications in a straightforward manner.
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I. INTRODUCTION

Ever since the Einstein-Podolsky-Rosen (EPR) paradox
was introduced, discussions on the EPR criterion of real-
ity have greatly accelerated the development of quantum
information theory [1-3]. Beyond the demand for appli-
cations, understanding the nature of entanglement plays
an essential role in exploring the limits of classical and
quantum theories [4]. The Bell-type inequalities provide
a standard to test nonclassicality irrespective of quan-
tum theories [5—10]. As the inequalities are constructed
to reflect a classical prediction of local-hidden-variable
(LHV) theories under a set of conditions, their viola-
tion implies the invalidity of these theories [11,12]. In
1935, Schrodinger introduced quantum steering for arbi-
trary measurement of bipartite entanglement [13]. Later,
it was formulated using local-hidden-state (LHS) theories
and applied to quantum key distribution (QKD) together
with the Bell nonlocality (see Appendix A) [14-20]. For
example, in the E91 QKD protocol [7], a bipartite state
p4p 18 shared between Alice and Bob, who perform mea-
surements on their particles and compare their results. A
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secure quantum key can be established only if the measure-
ment results are either Bell nonlocal or quantum steerable,
depending on the secure level of the devices [20—24].

The violation of the Bell-type inequalities is known
as the most strict kind of quantum nonlocal condition
[9,14]. In the Clauser-Horne-Shimony-Holt (CHSH) sce-
nario where two parties (named Alice and Bob) are
involved and each party has two measurement settings
with two outcomes, the Bell-CHSH inequality has been
widely studied [12]. In the Hilbert spaces A (for Alice) and
(for Bob), we denote eigenstates for the measurement axes
& and f as 4, € A and By € B and denote the eigenval-
ues as a and b. The eigenvalues a, b € {—1, +1}, where
—1 and +1 stand for the horizontal (H) and vertical (V)
polarizations. The LHV model defines a hidden variable A
with a probability density function p (1). For measurement
outcomes a and b, their joint probability is

Pruv(a, bla, B) = [ P(ala, )P(DIB, Mp(L)dr, (1)

where P(alo,A) and P(b|B,)) are the probabilities for
Alice to obtain a and Bob to obtain b, respectively. For a
chosen pair of & and 8, E(«, B) is defined as the correlation
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of the measurement [25]:

E(a,p) = P(H,H|a, ) + PV, Vl]a, B)
—PH, Vi, p) — P(V,H|e, ). (2)

The Bell-CHSH inequality is given by [12,26]

Scusu = |E(a, B) + E(', B) — E(er, ) + E(e, B))| < 2,
(€))

where o’ and B’ denote the second chosen pair of the
analyzer angles. This inequality serves as an experimen-
tally efficient benchmark for Bell’s test [27]. Previous
experiments have proven the violation of the Bell-CHSH
inequality with entangled photons [28—30]. Other than test-
ing against LHV models, the Scysy value itself is of great
significance. Studies have shown that the Scpysy values
are closely linked to the fidelity of quantum teleporta-
tion [31,32], the certification of random number genera-
tion [33], the investigation of entanglement distillability
[34,35], and the security level of a certain QKD protocol
[36-39].

Quantum steering [Fig. 1(a) and Appendix A] involves
a similar violation of the LHS model [14,40,41], where Eq.
(1) reduces to

P(a,bla, B) = fP(alot,)»)Tr(l'lbmpx)p()»)d)». “

Here, I1,4 is the detection projector (Hblﬂ = |b)5(b|ﬁ),
and p, is the local hidden state related to A. The LHS model
hypothesizes that Bob receives p;,. If Bob’s measurements
are mutually unbiased (i.e., (,B’\ ,B)|2 = 1/2), the analo-
gous inequality as an unsteerable condition is given by
[25,42]

Sas =V [E(@, ) + E@’, I + [E(@, B)) + E@, )

+VIE@ B~ E(@, H)F +[E@, B)—E@, B)I

<2 ®)
From |(B'| ﬁ){z — 1/2, we have AB 2 B/ — B = 45° [25].
The same setting also applies to Scusy [29,43—45]. Hence,
the angle set becomes («, o', 8, 8") — (o, o, B, B + 45°).

The S values in inequalities (3) and (5) provide straight-
forward criteria to characterize nonlocality and steering
and serve as useful indicators for various quantum infor-
mation tasks [4,9,20]. Statistically significant violations
of the inequalities have been predicted and experimen-
tally observed with maximally entangled states. However,
practical imperfections almost always exist, deviating the
experimental states from the ideal ones. Quantum state
tomography (QST) has been widely utilized to recon-
struct the density matrix of the experimental state [46,47].

Nevertheless, the reconstruction in QST depends on the
measurement apparatus and settings, and can be com-
putationally expensive and prone to experimental errors
[48—52]. Tremendous efforts have been devoted to effi-
ciently and accurately reconstructing the states in the
presence of measurement errors [53—56]. Moreover, the
dependence of QST on quantum theories to test against
classical such as LHV models may suffer from circular rea-
soning. For these reasons, direct experimental evidence is
essential for the clarification of nonlocality and steering.
Here, rather than obtaining a complete description of the
states, we experimentally measure the S values by sam-
pling all possible observation angles with a step size; the
resultant full-domain S maps are less vulnerable to detec-
tion errors. The regions where Scusy > 2 and Sgg > 2
indicate violation of LHV and LHS, respectively. The
measured S maps are shown to be consistent with those
reconstructed through QST. Moreover, S maps can be
applied to arbitrary bipartite sources, including partially
entangled states. As an application, we use S maps to cal-
ibrate the E91 QKD protocol and optimize measurement
setting selections. The simple and direct measurement of S
values may benefit various entanglement-related tasks.

II. RESULTS

A. Experimental setup

The experimental setup designed in this work is
shown in Fig. 1 [57,58]. A 50-mW continuous-wave
laser operating at 405-nm wavelength provides the
pump beam. A spontaneous parametric down-conversion
(SPDC) B-barium borate (BBO) crystal is used to gener-
ate polarization-entangled bipartite Bell states [59]. The
pump beam propagates through a linear polarizer, a half-
wave plate (HWP), a variable wave plate, and a quartz
plate before reaching the BBO crystals, where a fraction
of the photons spontaneously decay into photon pairs with
a wavelength twice that of the pump [60]. The propagation
directions of the photon pairs form a cone symmetrically
around the pump beam because 763 +k= /;p, where the
subscripts s, i, and p of the wavevectors denote the sig-
nal, idler, and pump, respectively [61]. The signal and
idler photons propagate approximately 1 m in free space
to ensure sufficient spatial separation. Next, a pair of
HWPs followed by polarizing beam splitters (PBSs) set
angles o and B to measure the polarizations of the sig-
nal and idler photons, respectively. Finally, after passing
through bandpass filters to reject ambient light, the photons
are received through lenses by two single-photon count-
ing modules (SPCMs). The two SPCMs are connected
to a field-programmable gate-array-based time controller,
enabling coincidence counting. By automatically motoriz-
ing the HWPs, we scan («, 8) and record the coincidence
count N(H, H|a, 8) within one second per set, thus form-
ing a full-domain map of coincidences over all possible
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FIG. 1.

Schematics of quantum steering concept and full-domain mapping setup. (a) Schematic illustration of quantum steering. Two

observers, Alice and Bob, measure the polarizations of signal and idler photons at angles «, «’, 8, and B’ in their respective subsystems.
The link in between shows quantum steering from Alice to Bob. (b) Experimental setup for coincidence measurement. The Glan-Laser
polarizer (GL) and half-wave plate (HWP) adjust the polarization angle 6, of the pump laser. A variable wave plate (VWP) and a
quartz plate (QP) adjust the relative phase ¢,. A pair of type-I S-barium borate (BBO) crystals generate the entangled states via the
process of spontaneous parametric down-conversion (SPDC). Two HWPs behind the SPDC are motorized for automatic scanning.
Each HWP, together with the subsequent polarizing beam splitter (PBS), sets the corresponding observation angle of polarization, «
or . A bandpass filter and a lens are mounted before each SPCM to reject the ambient light and focus the SPDC photons onto the
detector. The coincidences of the two SPCMs are measured by a time controller and used for Bell’s test and S maps.

angle sets for a given step size. More details of the setup
can be found in Appendix B.

The pump photons, through polarization elements, are
set to the following superposition state:

[Y,) = cos 6,|V), + exp (igy)sin 6, |H,, (6)

where | V) and |H) denote the vertical and horizontal polar-
ization states. cos 6, and sin 6, are the amplitudes, and ¢,
is the relative phase. The wave function of the SPDC pho-
ton pairs (termed “signal” and “idler” photons) is given
by

[¥sppc) = cos 0, |H)s|H); + exp (ida)sin O, | V)| V)i, (7)

where ¢, is the relative phase averaged over the distribu-
tions in both propagation direction and frequency of all
the photon pairs, and the subscripts s and i denote signal
and idler, respectively [26]. When 6, = 45° and ¢4 = 0°,
the photon pairs are in a maximally entangled Bell state
(namely, an EPR state),

L
V2

Values of (6,,¢,) other than (45°,0°) and (45°,90°) lead
to unbalanced bipartite states. Additionally, the purity of
the entangled photon pairs is almost always contaminated
by practical imperfections (e.g., stray light), leading to
mixed states.

[Vepr) = —=(IH)|H); + V) [)0). (®)

B. Violation of the Bell-CHSH inequality and
full-domain coincidence measurement

The Bell-CHSH inequality provides a benchmark
for nonlocality distinction. LHV theories show that
Scusu <2 [Eq. (3)]; however, quantum theories pre-
dict that Scysy > 2 is possible at specific observation
angles. The EPR state exhibits the maximum violation
at(a =0°,8 =22.5°, o' =45°,8 = 67.5°) at Tsirelson’s
bound, ST = 2+/2 [62].

We prepare an experimental EPR state and estimate the
density matrix using QST, as shown in Figs. 2(a) and
2(b). The reconstruction is based on a fast maximum-
likelihood estimation (MLE) algorithm with 36 projective
measurements [63]. According to the estimated density
matrix pgpr, We calculate the fidelity and concurrence
to characterize the state [64,65]. Bell’s test is performed
at (@ =0°p8=225a =45°,8 =67.5°) and their
orthogonal counterparts, which maximize Scysy to

Scrs = 2.692 & 0.007. )

To better visualize the coincidence counts as a function
of o and B, we vary o to 0°, 45°, 90°, and 135° and detect
coincidences over nine B angles for each «, as shown in
Fig. 2(c). More details can be found in Note S1 within the
Supplemental Material [66] and Appendix B.

Next, we measure the full-domain coincidence map
(referred to as N map). We repeat the finer-grid scan of
the coincidence count N (H, H|w, B) ten times with a step
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Characterization of the experimental EPR state. Real (a) and imaginary (b) parts of the density matrix of the experimental

EPR state, reconstructed from QST. The fidelity and concurrence of the state are calculated accordingly. (¢) Coincidences as a function
of § when o = 0°,45°,90°, 135°. Experimental results are plotted as means =+ standard errors of the means (n =9). The curves are
fitted based on Eq. (S2) in Note S1 within the Supplemental Material [66]. The data points marked by gray rectangles are used to
calculate the Scysy value. (d) Measurements of the full-domain coincidence map N (H, H|«, ) with 61 x 61 points.

size of 3° and the averaged result is presented in Fig. 2(d).
A detailed description of the map, including the statistical
errors, is shown in Fig. S1 within the Supplemental Mate-
rial [66]. Note that Bell’s test requires only a subset of the
map and gives only a single Scysy value for maximum vio-
lation. The full-domain coincidence map renders a superset
of the conventional sparse-angle Bell’s test.

C. Mapping nonlocality and quantum steering

Three steps are required to construct the S map from
a full-domain N map, as shown in Fig. 3. In the first
step [Fig. 3(a)], the original N(H, H|«, ) map is shifted
to form three additional maps [i.e., N(H, H|a + 90°, B),
N(H,H|o,8+90°), and N(H,H|x+90° 8+ 90°)],
which are assumed to be equivalent to N(V,H|x, B),
N(H, Vo, B), and N(V, V]|, B), respectively. In the sec-
ond step [Fig. 3(b)], the four N maps are combined into
a full-domain correlation map [referred to as an £ map
according to Eq. (2)] using Eq. (B1). Four points on the
E map represent two separate measurements by Alice and
Bob at polarization angles (&, o', 8, ') (see Fig. S2 within
the Supplemental Material [66]). The £ map can be used

to describe observations made by the two observers with
arbitrary choices of (a,a’, 8, 8').

In the last step, two protocols are used to describe
the entanglement from the E map. Calculation over
(a,a’, B, B) using Eq. (3) from 0° to 180° yields a four-
dimensional (4D) Scusy map. The Bell-CHSH inequal-
ity demarcates the 4D nonlocality region. Specifically,
by examining the hyperplane where g’ — B = 45°, the
three-dimensional (3D) Scusu(«, o', 8, 8 + 45°) map ren-
ders choices for Bob to achieve nonlocal observations, as
shown in Fig. 3(c). In contrast, quantum steering poses a
weaker violation condition, as shown in Eq. (5). Similar
to the Scusy calculation, we convert the £ map to the 3D
Sos map, as shown in Fig. 3(d). Because S values are based
on independent measurements, we exclude the hyperplanes
where o’ = @ and @’ = o + 90°, as shown in Figs. 3(c) and
3(d) as dashed lines. For simplicity, we omit the dashed
lines in all the following figures.

Following the procedure above, we experimentally mea-
sure the Scusy and Sgs maps for the EPR state, as
shown in Fig. 4. In the («, o/, 8,8 + 45°) hyperplane,
a, ', and B are all arbitrarily chosen. The Scysy map
[Figs. 4(a) and 4(b)] demarcates the regions where the
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FIG. 3. [Illustration of the S-map calculation through simulation. (a) Simulated full-domain coincidence (N) maps. The N(H, H)
map is shifted by 90° along the o axis (denoted as S,) to obtain the N(V, H) map and by 90° along the § axis (denoted as Sg) to
obtain the N (V, H) map. Similarly, either N(V,H) or N(H, V) map can be shifted to obtain the N(V, V) map. (b) Simulated full-
domain correlation (£) map based on the basic operations of the four shifted N maps. Four points on the map are selected for S value
calculation. (c) Simulated full-domain 3D Bell-CHSH map Scusu(«, o', 8, 8’ = B + 45°), acquired from the £ map using Eq. (3).
Dashed lines denote the hyperplanes to be excluded, where ¢’ = « and o' = & £ 90°. (d) Simulated full-domain 3D quantum steering

map Sgs(e, o', B, 8" = B + 45°), acquired from the £ map using Eq. (5). Dashed lines denote the hyperplanes to be excluded, where

o =aand o’ = a £ 90°.

Bell-CHSH inequality is violated. We also compute the
two-dimensional (2D) Scpysy map [Fig. 4(c)] using the
QST-reconstructed density matrix, which is consistent
with Fig. 4(b). Similarly, on the experimentally measured
Sos map [Figs. 4(d) and 4(e)], an angle combination
achieving Sqs > 2 provides a violation of the LHS theory.
The QST-reconstructed 2D Sgs map is shown in Fig. 4(f)
for comparison.

We propose to define the LHV and LHS violation ratios,
respectively, as

V{Scusu > 2}
VIAIL}

_ V{SQS > 2}

TCHSH =

where )V denotes the volume of the part of the domain
under the specified condition. For the experiment using
the EPR state, the measured values of ncysy = 0.17 and
ngs = 0.93 agree with the theoretical values [see Figs.
S4(a) and S4(b) within the Supplemental Material [66]].

D. Correlation maps with different unbalanced
bipartite states

Thus far, we focus on the EPR state, but few systems can
yield a perfect balance between |H)|H) and |V)|V) states.

For example, with states described by Eq. (7), S maps
generally rely on 6, (pump polarization) and ¢, (relative
phase). By adjusting the HWP, variable wave plate, and
quartz plate before the BBO crystals, we tune the SPDC
states with representative , and ¢, values. The experi-
mental N(H,H) maps and the associated Scysy and Sgs
maps are summarized in Figs. 5(a)-5(i) and Fig. S2 within
the Supplemental Material [66].

Another example is given by the Werner states, whose
density matrices can be described by [11]

pw = pl¥err) (Yepr| + (1 —p)g, (11)
where /4 denotes the maximally mixed state, and p is the
weight of the pure state. By adding a light-emitting diode
and varying its intensity, we tune the Werner states with
different p values. As an example, for p ~ 0.25, the coin-
cidence maps and the associated Scusu and Sgs maps are
summarized in Figs. 5(G)-5(1).

For all the states defined in Egs. (7) and (11), the cor-
responding calculations of the N (H, H) and S maps based
on QST can be found in Figs. S3 and S4 within the Supple-
mental Material [66], which agree with our experimental
observations.
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FIG. 4. Experimental full-domain Scysy and Sqs maps. (a) 3D experimentally measured Scusu (o, o', 8, 8/ = B + 45°) map. (b) 2D
experimentally measured cross-section map of Scysu (o, o' = 45°, 8, 8’ = B + 45°), corresponding to the region enclosed by the gray
dotted line in (a). The interiors of the dashed contours indicated by the dashed arrows show the region where Scysy > 2. (¢) 2D QST-
reconstructed cross-section map of Scusu (o, o = 45°, 8, 8’ = B + 45°). (d) 3D experimentally measured Sos (o, o', B, 8’ = B + 45°)
map. (¢) 2D experimentally measured cross-section map of Sqs(er, ' = 45°, 8, 8/ = B + 45°), corresponding to the region enclosed
by the gray dotted line in (d). The interiors of the solid contours indicated by the solid arrows show the region where Sgs > 2. (f) 2D
QST-reconstructed cross-section map of Sqs(cr, o’ = 45°, 8, 8’ = B + 45°).

E. Calibrated quantum key distribution protocol
based on correlation maps

From direct measurements, the S maps enable versa-
tile applications in quantum information, illustrated here
on the basis of the E91 QKD protocol [7]. In the typ-
ical E91 protocol, entangled states are shared between
Alice and Bob, who then distribute a secret key against
an eavesdropper, Eve. Prior to their measurements, Alice
and Bob decide on their respective polarization angle sets
{og, 000,03} and {B1, B2, B3}, from which they can arbi-
trarily select and measure. Here, o, a3, B1, B3 are four
different angles, a, takes value from g; or 3, and B,
takes value from o or a3. After measurements, they com-
pare their series of angle choices. The measurement results
with different angles are shared to calculate the Scysy or
Sos values and thus evaluate the security of QKD. The
results measured with the same angles are kept private and
converted into the secret key if security is confirmed. In

the original E91 protocol using an EPR state, the corre-
sponding angles for Alice and Bob are {0°,22.5°,45°} and
{22.5°,45°,67.5°}.

Due to imperfections in entanglement sources and
experimental settings, the angle sets proposed above are
not always optimal. For some non-EPR states, it has
been shown that different measurement settings can max-
imize Bell’s inequality violation [67]. By measuring the
S maps of the setup prior to communication, we can cal-
ibrate the measurement settings and optimize the angle
sets {oy, oz, 3} and {Bi, B2, B3} not only for an EPR state
but also for arbitrary bipartite states, thus generalizing the
E91 protocol, as shown in Fig. 6. In the two-way sce-
nario where both Alice’s and Bob’s devices are prone to
eavesdropping, the optimal choices for {o, a3, 81, B3} are
given by the point that maximizes the Scysy value in the
four-dimensional Scysy map, as shown in Figs. 6(a)Hc).
oy (By) is then chosen to be equal to B (1) or B3 («3),
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Experimental full-domain N(H, H) and S maps with unbalanced bipartite states and Werner states. Experimental N (H, H)

map (a), 3D Scusy map (b), and 3D Sgs map (c) of unbalanced bipartite states with 6, = 30°, ¢; = 30°. Norm. coin., normalized
coincidences per 1 s. Experimental N (7, H) map (d), 3D Scusu map (e), and 3D Sqs map (f) of unbalanced bipartite states with
0, = 45°,¢4 = 60°. Experimental N(H,H) map (g), 3D Scysy map (h), and 3D Sos map (i) of unbalanced bipartite states with
6, = 30°, ¢4 = 90°. Experimental N (H, H) map (j), 3D Scusy map (k), and 3D Sqs map (1) of Werner states with p = 0.25.

whichever maximizes the coincidences, as shown in the
diagonal line in Fig. 6(d). For the EPR state, the protocol
above recovers the angle sets in the original E91 proposal.
When the experimental states deviate from the perfect EPR
state, however, the optimal measurement settings might
differ from {0°,22.5°,45°} and {22.5°,45°,67.5°} and can
be located through S maps, as shown in Fig. 6 and Figs. S5
and S6 within the Supplemental Material [66].

Other than the optimal measurement settings, S maps
also render a broader choice space for secure QKD under
more general attacks from Eve, such as the collective
attack [22,36]. When the measurement settings deviate
from the optimal ones but remain within the LHV or LHS
violation regions, the S values would be lower. Moreover,
suboptimal measurement settings can also lead to lower
coincidence counts and higher qubit error rates [68]. Nev-
ertheless, with error correction and privacy amplification,

secure QKD remains possible when the key rate is positive
[69]. Under the assumptions of perfect detector efficiency
and asymptotically infinite key length, we calculate the
key rates under collective attack (denoted as the » map)
in the device-independent scenario [22,70]. The » maps
[Fig. 6(e)] demarcate the positive key rate region, which
can be combined with the S maps to render all the feasible
choices for Alice and Bob [Fig. 6(g)]. Similar to the viola-
tion ratios ncusy and 7nqs, one can define the positive key
ratio 7);:

V{r > 0}
= —, 12
V{All} (12
which can serve as an indicator of the security level of the
experimental states. For the experimental EPR state, 1, =
0.035, as shown in Fig. 6(f).
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Correlation maps with the experimental EPR state for the calibrated E91 protocol. 2D experimental Scysy maps for

{or, Brs oz = 48°, B3 = 72°} (), {ay, o35 B1 = 24°, B3 = 72°} (b), and {B, B3; 1 = 6°, a3 = 48°} (c) showing the region (indicated
by black dashed contours and arrows) enabling key distribution. Gray-white circles mark the optimal angle set for maximal Bell-
CHSH inequality violation. Gray dashed lines connect the same angle set in different hyperplanes. (d) Experimental coincidence map
presenting the optimal choices for o, and B, (marked by red dotted lines), to be selected within {8, 83} and {«;, @3} (marked by
gray dotted lines), respectively. Black dotted line represents the diagonal that maximizes coincidences. (e) 2D experimental » map for
{B1, B3; 1 = 6°, a3 = 48°} showing the region (indicated by black dotted contours and arrows) with positive key rates under collec-
tive attack. (f) 3D experimental masks for {«, a3, 81, 83 = B1 + 45°} showing the CHSH violation region and the positive key-rate

region.
II1. DISCUSSION

The S maps proposed in this study enable direct full-
domain tests against the LHV and LHS theories with
arbitrary bipartite states in CHSH scenarios. The full S map
in 4D space grants versatility to analyze any hyperplane.
For instance, to exhibit a steerable state, different ana-
lyzer sets (8, B + 45°) should be adopted by Bob to check
whether Sqs > 2. In the S maps, Scusu > 2 proves to be a
sufficient condition for Sos > 2, and the fact that ncusy <
ngs agrees with the widely studied hierarchy of quantum
entanglement [14,71,72]. The maps render two regions
for Bob’s measurements: the steering region {(«,’, B) :
Sos(a, o', B, B +45°) > 2} and the Bell nonlocal region
{(a, ', B) : Scusu(w, o', B, B +45°) > 2}. These regions
help Bob answer the fundamental question of whether his
measurement is nonlocal or steerable, which evaluates the

security of the measurement. For example, the indepen-
dence of the contours on § in Figs. 4(e) and 4(f) clearly
illustrate that Bob’s choice of B cannot affect Sgs, while
Alice’s choices of (&, ') can vary Sqgs. This phenomenon
reflects the fact that the joint measurement is steerable
from Alice to Bob but not necessarily steerable in the
opposite direction.

The LHV and LHS violation ratios (i.e., ncusy and
nqs) defined in Eq. (10) represent the proportion of the
S > 2 regions over the whole S maps. For pure states
described by Eq. (7), Fig. S7 within the Supplemen-
tal Material presents the range of ncusp and ngs [66].
For product states, neysy = ngs = 0. For the maximally
entangled state (i.e., the EPR state), nijgy ~ 0.2, nggx =
1. Our experimental EPR states show lower S and n val-
ues than their upper bounds mostly due to the nonzero ¢4
value. Since ¢, is the relative phase averaged over all the
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photon pairs, it is difficult to be fully compensated by the
VWP and QP. Using Eq. (S2), we estimate the experi-
mental value of ¢p; & 27°. Accordingly, simulated n values
shown in Figs. S4(a) and S4(b) within the Supplemen-
tal Material agree well with the experimental values [66].
Compared to existing metrics such as entropy, fidelity, and
concurrence, the violation ratio is straightforward without
the knowledge of the density matrix [64,65,73].

Based on direct measurements, the correlation maps
present a straightforward interpretation of the quantum
correlation. To test against classical such as LHV models,
fewer underlying assumptions are preferred to avoid logi-
cal flaws. Although one can perform QST to construct the
density matrix of the state and predict its projective mea-
surement results, the calculation depends on the quantum
theories. Therefore, using such S values for Bell’s tests will
suffer from circular reasoning. There are various ways to
acquire the S maps, depending on the complexity of under-
lying assumptions. The first method is to directly scan over
the full domain and measure the S maps experimentally.
Since such § values do not depend on quantum mechani-
cal theories, this method is suitable for characterizing the
nonlocality and steering. With fewer measurements, QST
can faithfully reconstruct the S maps. However, the data
analysis in QST can be computationally intensive [50],
and the optimal measurement settings depend on the states
to be measured [74]. Finally, in some rare cases where
more prior information of the state is known, the .S maps
may be explicitly derived or calculated. For example, for
unbalanced states described by Eq. (7), the variations of
0, and ¢, have distinct effects on S maps (see Fig. S4
within the Supplemental Material [66]). In the extreme
case, if the relative phase between the |H)|H) and |V)|V)
states approaches 90°, Eq. (S2) in Note S1 within the
Supplemental Material becomes [66]

P(H,H|a, B;6,, s = 90°) = (sin « sin B cos 9,,)2
+ (cos & cos f sin 01,)2. (13)

When 6, reaches 0° or 90°, either |H)|H) or [V)|V)
dominates, yielding

P(H,H|a, B;6, = 0°,¢4) = (sin « sin B)?, (14)
P(H,H|a, B;6, = 90°,¢,) = (cos a cos p)>.

As shown in Fig. 5(i), these states are mostly local since
neusn < 0.01. This case is calculated in detail in Appendix
A. After correcting for the detection errors, the S maps
obtained by all three methods are consistent.

Other than theoretical and computational simplicity,
direct measurement of S maps also complements QST by
considering experimental imperfections. QST can be used
to find the maximum S value, but systematic errors in
the detection apparatus can affect the accuracy of QST
reconstruction, thus biasing the S-value measurement

[52,75]. For example, misalignment errors in the HWPs
can deviate the optimal measurement settings from the
original ones shown in Fig. 2(c), as demonstrated in
Figs. S8(d)-S8(f) within the Supplemental Material [66].
Moreover, QWP misalignment might reduce the max-
imum S values, as shown in Figs. S8(g)-S8(i) within
the Supplemental Material [66]. Similarly, polarization-
dependent inefficiencies in the detectors or analyzers can
also decrease S values, as shown in Figs. S8(j)—S8(1)
within the Supplemental Material [66]. All the exam-
ples can deviate the measurement basis from the mutu-
ally unbiased ones. Accordingly, the QST-reconstructed
S maps can differ from the experimental ones, thus hin-
dering accurate understanding and appropriate utilization
of the sources [50,51]. Although efficient error-correction
techniques have been adopted in QST, direct measure-
ment of .S maps automatically accounts for the detection
errors and leads to more precise localization of maximal S
values.

As an example, we demonstrate the application of S
maps to benefit the QKD protocol by visualizing the state
dependence of the optimal angle sets. First, the original
E91 protocol focused on the EPR state, while S maps can
be applied to any bipartite states to optimize the measure-
ment settings. For the EPR state, the optimal angles are
{o1, 3} = {0, 45°} and {B, B3} = {22.5°,67.5°}, which
are mutually unbiased. However, with unbalanced states,
the optimal angle sets can deviate from the settings above,
as shown in Figs. S5 and S6 within the Supplemental Mate-
rial [66]. Second, S maps not only optimize measurement
settings but also indicate all the possible angle sets for
secure QKD. The asymptotic key rate r in the limit of
infinite key length under one-way classical postprocess-
ing from Bob to Alice can be interpreted as the difference
between Bob’s and Eve’s uncertainty about Alice’s mea-
surements, which must be positive to allow for effective
QKD [76]. The key rate is determined by both the S val-
ues and the quantum bit error rates. By measuring S maps
(and the concomitant » maps), one can obtain knowledge
of what angle sets are usable for QKD for the given state,
and the 5, value defined in Eq. (12) can help estimate the
credibility of quantum cryptography. For an EPR state, the
maximal » = 1, and the maximal 7, ~ 0.16. Our exper-
imental 7, deviates from the maximal value mostly due
to the nonzero ¢,. As the state approaches the EPR state,
the 7, increases, indicating that more choices are available
for secure QKD. In real-life applications, the measurement
of S maps may be regarded as a calibration process of
the system: once the states are prepared, Alice and Bob
can measure their S map and determine the angle sets
before the E91 protocol is performed, regardless of the
existence of the eavesdropper Eve. Similarly, under the
one-way (i.e., steering) scenario, other entanglement-based
QKD protocols (such as the BBM92 protocol [77]) can be
adapted using the Sqs maps [21].
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Other than QKD, the S values acquired from the cor-
relation maps warrant further applications. For example,
Scusu values can be employed to quantify the fidelity of
quantum teleportation. In quantum teleportation, the maxi-
mal violation of the CHSH inequality of a bipartite state is
shown to lower bound its average fidelity for teleportation
[31]. Moreover, Scysy values can be used in the certifi-
cation of random number generation. The quantification of
randomness may be described as a guessing process, where
an observer, Eve, is trying to guess the outcome of Alice’s
measurement. Eve’s strategy and the upper bound of the
guessing probability are connected to Scuysy. The rela-
tions between nonlocality and randomness also suggest a
practical protocol for randomness generation in the device-
independent scenario [33]. Lastly, Scysy values can also be
used in the investigation of entanglement distillability. It is
shown that entanglement distillability implies nonlocality
[35,78], and the violation of the CHSH inequality indicates
that the state can be distilled [34]. All the applications
above require the knowledge of the maximal S values,
which can be acquired using the S map in a straightforward
manner.

To conclude, we experimentally measure the S maps
for nonlocality and steering. The S maps can be regarded
as an experimental demonstration of the local polytope
[9,79]. As discussed in Appendix C, the full-domain maps
demarcate the local polytope and can test the measured
correlation for all Bell inequalities at the same time [80].
We apply S maps to various experimental bipartite states,
including the EPR states, the unbalanced states, and the
Werner states. As an application, we calibrate the QKD
protocol with arbitrary bipartite states based on S maps.
The S-map method potentially benefits the construction of
QKD protocols with unknown sources, and the positive
key ratio calculated from the S maps can help evaluate
quantum communication security. Experimentally, S maps
demonstrate significant benefits since they are more robust
against systematic errors in the detection apparatus and
involve minimal assumptions in the quantum model. This
work warrants further investigation using loophole-free
Bell’s tests and multipartite states [17,81]. Moreover, the
Schysy maps are only necessary and sufficient to test nonlo-
cality in the CHSH scenario, but the experimental method
of correlation mapping can be extended to more gener-
alized scenarios, for example, the /335, scenario [79,82]
(more details can be found in Appendix C and Fig. S9
within the Supplemental Material [66]). Correlation maps
are expected to have a variety of implications in quantum
information applications.
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APPENDIX A: DEFINITION OF QUANTUM
STEERING

In the Hilbert spaces A (for Alice) and B (for Bob), we
denote the eigenstates for the measurement axes & and
as A, € Aand Bg € B and denote the eigenvalues as a and
b [9]. The LHV model assumes a hidden variable X . For
measurement outcomes a, b, the joint probability is

Pruv(a,bla, ) = /P(ala,k)P(blﬂ,k)p(K)dk, (A1)

where P(ala,A) and P(b|B,)) are the probabilities for
Alice to obtain @ and Bob to obtain b, respectively, with
the indicated measurement axes. p(A) is the probability
density function of A.

The LHS model, as a subset of the LHV model, hypoth-
esizes that Bob obtains a local hidden state p, related to A.
Hence, we substitute as follows:

P(b|B, 1) — Prus(b|B, pi) = Tr(I1pp0:.), (A2)
where Iy s is the detection projector (I = [b)4(blg).
Therefore,

Prus(a, bla, B) = /P(ala,k)Tr(HbﬁpA)p(X)d)»- (A3)

The measurements by Alice with outcomes a lead to an
unnormalized state o, for Bob, given by

P = [ Pawipiomdr. (a9

Note that pj,° is not “steered” by Alice because A is “con-
trolled” by the source. In contrast, quantum mechanics
predicts
QM

Pae = Ttal(Ilgq @ Ip) pasl, (AS)
where Ip is the identity projector for Bob. If the following
equation holds, a joint state p4p is called unsteerable from
Alice to Bob:

M
Poa = Piln (A6)
Otherwise, py4p is called steerable [20,83].

Below, we show two examples of two-level systems in
pure states. First, a steerable entangled state along the z
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axis is chosen:

= 00) +111) (001 + (11 _ 1
4 V2 V2 2

(100) (00

The projector of Alice to the eigenstate |0), is
Moje = 10)¢ (0], = (cos «|0) + sin «|1)) (cos o (0]
+ sin a (1))

= cos’a|0) (0] + cos « sin «|0) (1]

=+ 100) (11| 4 |11) (00] + |11) (11]). (A7)
+ cos a sin «|1) (0] + sin®x|1) (1], (A9)
In matrix form, we have where « is the angle between the measurement axis & and
z chosen by Alice. In matrix form, we have
10 0 1 cos’a cos « sin«
_fo 0o 0o (A8) Mo = (cosa sino sina ) (A10)
PAE=510 0 0 0
10 01 For Bob, we have
=0+ man=~(L All
5=3 000+ =3(y 1) (Al1)
We first compute :032/[ as follows:
cos’a cos « sin « 0
1 0 cos & 0 cos « sin «
Moa © Ip = 2 | cos « sin « sin‘a 0 ’ (Al2)
0 cos « sin o 0 sin’a
[
quantum mechanics:
cos’a 0 0 cos’a | 2
_llcosasina 0 0 cosasina S A POla, )p (L) = ((Ola [—(IO) + |1))]>
(Moja ® 1) pap = 2lcosasine 0 0 cosasina|’ V2
) )
sin“o 0 0 sin“a 1 .
=-( 2a). Al7
(A1) 2( + sin 2a) (A17)
If Equation (A6) holds, we have
Paa = Teal(Mog ® I) pas] af oo
1 2 : LIS /d)\p(o @, )p (L) ( y 0 ‘)
== ( cos @ cosa “) (A14) P PO ey op
2 \COSs o Sin « siIn“o
1 cos’a cos « sin « ALS
Note the outcome equals (1/2)[0),(0],. We then compute ~ 2 \cos a sin « sin%a (Al8)

pye’. The hidden state can be written as

ps = (Col0) + Ci1[1)) (Cg (01 + Cf (11) (A15)
whose matrix form is
|Col? C$C1>
= . Al6
P (Orco G (A16)

We assume that the average of the probability P(0|a, \)
over the hidden variable A matches the prediction by

Let us prove that there does not exist a p(A)p; to satisfy
Eq. (A18). The diagonal terms of Eq. (A18) gives

1
/ drP0|&, Mp (L) Col* = Ecoszoe, (A19)

1
/ dAP0|&, Mp(W)|Cy | = Esinza. (A20)
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Merging Egs. (A19) and (A20) produces
1

f drP(0l&, )p (L) (|Col* + |C1*) = 3

(A21)

Using |Cy|? 4+ |Ci]?> = 1 and substituting Eq. (A17) into
Eq. (A21), we find
1(14—'2) : (A22)
- sin2w) = —.
2 2
This equation yields & = 0° or 90°, which contradicts the
fact that o can be set to any angle. Therefore, a system

with the joint state p4p given by Eq. (A7) is steerable from
Alice to Bob.

Second, an unsteerable product state along the Z axis is
chosen:

pap = 100) (00]. (A23)
In matrix form, we have
1 0 00
P4B = 8 8 8 8 (A24)
00 0 O

Similar to the example (1), we first compute ,o‘?lg/l as
follows:

cos’ar cos « sin « 0
0 cos’a 0 cos o sin o
Mojg © Iz = COS « sin « sin’o 0 ’ (A25)
0 cos « sin o 0 sin’a

cos’a 0 0 0

0 0 0 O
(1—10|6t ®[B)IOAB - CcOS o Sin o O 0 0 9 (A26)

0 0 0 O

QM cos’a 0
Pae = Tral(log ® Ip)pasl =\ "~ - (A27)

[
We then compute p5H°. The hidden state can be written ~ Let [Col = 1, €1 = 0, we reach
as
1 0 cos’a 0
LHS _ . 2 _
pr = (Gol0) + C1I) (G 01+ CF (1), (A28) Pal” = Cos@ (o 0) - ( 0 0) B
whose expansion yields Therefore, Eq. (A6) holds, proving that a system with the
0y 5 joint state p4p given by Eq. (A23) is unsteerable from Alice
0 = <|C0| C0C21) , (A29)  to Bob.
CiCo |G

where |Cyl? 4+ |C;|> = 1. We assume that the average
of the probability P(0|x,)) over the hidden variable A
matches the prediction by quantum mechanics.

/ drPOla, )p (L) = ((0],]0)* = cos?a.  (A30)

Therefore, we have

|Col?
CiCy

GG

ol = / de<0|a,A)p(x>< | c1|2>' (A31)

APPENDIX B: EXPERIMENTAL METHODS

System construction and calibration

In our system [Fig. 1(b)], we use a 50-mW, 405-nm
continuous-wave laser (GPD405-50, Power Technology
Inc.) to generate pump light. For signal and idler pho-
ton generation, we use one set of paired BBO crystals
[5 x5 x0.5mm? each, PABBO5050-405(1)-HA3, New-
light Photonics Inc.]. The two crystals are cut for type-I
SPDC pumped by 405 nm with a half opening angle of
3° and are mounted back to back with one crystal rotated
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by 90° about the normal axis to the incidence face. The
polarization angle of the pump light is controlled by a
Glan-Laser polarizer (GL10-A, Thorlabs Inc.) and a half-
wave plate (WPA03-H-405, Newlight Photonics Inc.). The
phase of the pump light is adjusted by a variable wave
plate (5540, Newport) and a quartz plate (QAT25100-
A, Newlight Photonics Inc.). For polarization selection,
two half-wave plates (WPA03-H-810, Newlight Photonics
Inc.) at 810 nm are mounted on two motorized preci-
sion rotation mounts (PRM1Z8, Thorlabs Inc.) followed
by two polarizing beam splitters (PBS201, Thorlabs Inc.).
For single-photon detection, we use two single-photon
counting modules (SPCM-AQRH-16, Excelitas Technolo-
gies) with a dark count rate of less than 25 Hz. The
two SPCMs are connected to a time controller (ID900-
TCSPC-HR, ID Quantique) with a 13-ps digital time res-
olution for coincidence counting. The motorized rotation
mounts, the SPCMs, and the time controller are integrated
into a custom-written LabVIEW program for automated
measurements. The setup is placed in a dedicated light-
shielding box, and the SPCMs are equipped with the nec-
essary bandpass and highpass filters to minimize ambient
light contamination.

An additional 100-mW, 635-nm continuous-wave laser
(MLL-III-635-100 mW, Changchun New Industries Opto-
electronics Technology Co,. Ltd.) is used as guidance light
to assist alignment. Prior to formal measurements, we per-
form two finer scans on « and B from 0° to 180° with a
step size of 1° and record the raw count in each SPCM. We
then fit each curve to a squared cosine function to find the
minimum (or maximum). The deviation of the minimum
(or maximum) from 90° is recorded as the mounting error
of the two HWPs. All the consequent measurements are
then shifted by these values to compensate for the errors.

Scusu calculation in Bell’s test

For each round of Bell’s test, we rotate o from 0° to 135°
with a step size of 45°. For each fixed «, we rotate 8 from
22.5° to 157.5° with a step size of 45°. Although only 16
projective measurements are needed to calculate the Scysy
value, we measure 36 points to visualize the variation of
the coincidences better. After recording the coincidence
counts N (H, Hl|a, B) at each step with an acquisition time
of 1 s and a coincidence detection window of 8 ns, we cal-
culate the correlation value based on the modified Eq. (2)
as

NH,Hla,B) +NH,H|la +90°,8+90°) = N(H,H|a +90°,8) — N(H,H|a, B + 90°)

E(a,p) =

The Scusu value is then evaluated according to Eq. (3).
Note S2 within the Supplemental Material shows more
details of the fitted curves in Fig. 2(c) [66].

Full-domain coincidence and correlation measurement

Prior to the full-domain coincidence measurement with
different degrees of bipartite ellipticities, we first perform
a 36-point scanning as described above and fit the results
to Eq. (B1) to calculate 6, and ¢;. We then tune the half-
wave plate, the variable wave plate, and the quartz plate
and repeat the scanning until we reach the desired 6, and
¢4. We then fix the setup and scan the angles « and 8 both
from 0° to 180° with a step size of 3° and record the coin-
cidences within 1 s at each point. The scanning renders
a two-dimensional coincidence map N (H, Hlc, B;6,, ¢a).
More details of the fitting can be found in Note S2 within
the Supplemental Material [66].

To get the correlation map (£ map), we shift the coin-
cidence map N (H, H) by 90° along the « axis [to acquire
NV, H) map], the 8 axis [to acquire N(H, V) map], and
the diagonal axis [to acquire N (V, V) map]. Afterwards, we
construct the four maps according to Eq. (2) to acquire the

N(H,H|a,B) +N(H,H|a +90°, B+ 90°) + N(H,H|a +90°, ) + N(H,H|e, B + 90°)

(B

(

correlation map, as illustrated in Fig. S2 within the Sup-
plemental Material [66]. The £ map can then be used to
calculate the Scusy map and Sgs map according to Egs.
(3) and (5), respectively.

Quantum key rate calculation

Assuming a 100% detector efficiency and an infinitely
long quantum key, the rate of effective (successful) key is
given by [22]

- _h(1+\/<SCH25H/2)2— 1) ,

(€, (B2

where h(x) = —xlog,x — (1 — x)log,(1 — x) is the binary
entropy function, and € = P(a; # bj|a; = f;) is the quan-
tum bit error rate.

APPENDIX C: CONNECTION BETWEEN THE
CORRELATION MAP AND THE LOCAL
POLYTOPE

Consider two parties, Alice and Bob, performing mea-
surements on a shared physical system. Each observer has
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a choice of m different measurements to perform on their
system. Each measurement can yield A possible outcomes.
We focus on the CHSH scenario, where m = 2, A = 2.
Following the notation in the main text, let P(a, b|a, B)
denote the joint probability to obtain the output pair (a, b)
given the input pair (o, 8) under the CHSH scenario. A
Bell scenario is then completely characterized by A%m?
such joint probabilities, one for each possible pair of inputs
and outputs [9]. We refer to the set P = {P(a, b, B)} of all
these probabilities as a behavior [84].

In the LHV model as described by Eq. (1), there are
only a finite number of hidden variables A;, each of which
defines an assignment of one of the possible outputs to
each input [9]. Let A; define an assignment of outputs a,
and bg for each of the inputs o and , the resulting deter-
ministic behavior is denoted as D;. All A?" deterministic
points {D;} form the local polytope [9]. A behavior P is
local if and only if it can be written as a convex combina-
tion of these deterministic points [80]. The linear program
can be written as

max v, such that vP + (1 — v) W = ZciD,-, (C1)

1

where W denotes the behavior of the white noise, ¢; >
0,Y ¢; = 1. When the optimal v < 1, P is nonlocal.

1

Equation (C1) and its dual form not only indicate the
method to test whether P is nonlocal, but also provide
a procedure for finding, for any P, a Bell inequality that
detects its nonlocality [9]. The correlation map can there-
fore be regarded as an experimental measurement of the
full-domain behaviors, which can be used to test for all
Bell inequalities at the same time.

Moreover, the full-domain correlation maps can be
extended to other scenarios where multiple measurement
settings or outcomes are involved, different inequalities are
needed to characterize the local polytope, and the S maps
warrant modification accordingly. For example, when m =
3, A =2, the local polytope is not only defined by the
CHSH inequality but also the /335, inequality [79,85]. In
this scenario, a six-dimensional S335, map is needed, which
can be naturally extended from the CHSH-based 4D maps.
A 3D cross section of the S333, map is shown in Fig. S9
within the Supplemental Material [66].
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